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Order-N Formulation and Dynamics
of Multibody Tethered Systems

S. Kalantzis,¤ V. J. Modi,† and S. Pradhan‡

University of British Columbia, Vancouver, British Columbia V6T 1Z4, Canada
and

A. K. Misra§

McGill University, Montreal, Quebec H3A 2K6, Canada

The equations of motion for a multibody tethered satellite system in a three-dimensional Keplerian orbit are
derived. The model considers a multisatellite system connected in series by � exible tethers. Both tethers and sub-
satellites are free to undergo three-dimensional attitude motion, together with deployment and retrieval as well as
longitudinaland transverse vibration for the tether. The elastic deformationsof the tethers are discretized using the
assumed mode method. The tether attachment points to the subsatellites are kept arbitrary and time varying. The
model is also capable of simulating the response of the entire system whose reference frames are spinning, initially
in unison about an arbitrary axis, as in the case of OEDIPUS-A/C, which spins about the nominal tether length,
or the proposed BICEPS mission where the system cartwheels about the orbit normal. The governing equations
of motion are derived using an order-N Lagrangian procedure, which signi� cantly reduces the computationalcost
associated with the inversion of the mass matrix, an important consideration for multisatellite systems. Finally,
a symbolic integration and coding package is used to evaluate modal integrals, thus avoiding their costly on-line
numerical evaluation.

Nomenclature
Di = magnitude of Di

Di = inertial position vector of frame Fi
Rdc = desired offset acceleration vector (i th link

offset position)
di = position vector to the frame Fi from the

frame Fi ¡ 1

dm i = in� nitesimal mass element of the i th link
dxi ; dyi ; dzi = Cartesian components of di along the local

vertical, local horizontal, and orbit normal
directions, respectively

Fi = i th link body-� xed reference frame
F0 = inertial reference frame
gi = rigid and � exible position vectors

of dm i , ri C 8i ±i
Idn = n £ n identity matrix
Oi ; Oj ; Ok = unit vectors f1; 0; 0gT , f0; 1; 0gT , and f0; 0; 1gT ,

respectively
li = length of the i th link
M.q; t/ = system’s coupled mass matrix
Mt = block diagonal decoupled mass matrix
m i = mass of the i th link
N = total number of links
nq = total number of generalized coordinates

per link, n fi C 7
nqq = system’s total number of generalized

coordinates, Nnq
nxi ; n yi ; nzi = number of � exible modes in the longitudinal,

in-plane, and out-of-plane transverse directions,
respectively, for the i th link
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q = fqT
1 ; : : : ; qT

N gT

qi = set of generalized coordinates for the i th link that
accounts for interactions with adjacent links

qt = fqT
t1 ; : : : ; qT

tN
gT

qti = set of coordinates for the independent i th link (not
connected to adjacent links)

Rdm i = inertial position of the i th link mass element dm i

R p = transformationmatrix relating qt and q
Rv; Rn ; Rd = transformationmatrices relating Pqt and Pq
ri = rigid position of dm i in the frame Fi

Ti = i th link rotation matrix
u i ; vi ; wi = � exible deformation of the i th link along the xi , yi ,

and zi directions, respectively
xi ; yi ; zi = Cartesian components of ri

®i ; ¯i ; °i = pitch, roll, and yaw angles of the i th link
±i .t/ = time-varying modal coordinate for the

i th � exible link
´di = structural damping coef� cient for the i th

link, E Ii =Ei

´i = set of attitude angles, f®i ; ¯i ; °i gT

K = Lagrangian multipliers
8i .xi ; li / = matrix containing mode shape functions of the i th

� exible link

Introduction

I N recent years, there has been a renewed interest in exploiting
the gravity gradient environment in space. With that, research in

tethered satellite systems is receivingconsiderableattention.Appli-
cations are numerous, from the study of Earth’s ionosphere using
probes lowered into the atmosphere from the Space Shuttle in a low
Earth orbit, to the deployment of satellites or their retrieval for ser-
vicing.Even more promisingapplicationsof powering the proposed
international space station by utilizing Earth’s magnetic � eld are
currently under study. Furthermore, tethers with multiple payloads
havebeenproposedformonitoringEarth’s environmentin theglobal
project,monitored by NASA, entitledMission to Planet Earth. This
has led to several studies aimed at multitethered systems.1;2 In a
recent study, Banerjee and Do3 have considered an ocean-based
system and applied a multibody algorithm to represent the tether
� exibility. The present investigationadds to the current level of un-
derstanding in the general area of tethered satellite systems.
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278 KALANTZIS ET AL.

In modeling of a multibody system, the degrees of freedom in-
crease dramatically as bodies are added. Representationof attitude
motion together with suitable discretization for � exibility results in
a large number of generalized coordinates, thus requiring the solu-
tion of an extensiveset of governingequationsof motion.This leads
to lengthy simulation times and almost no possibility of real-time
control implementation. It has become increasingly clear that the
question of computational ef� ciency in the dynamics formulation
must be addressed.

Fortunately, in the past two decades, there has been a concerted
effort at developing ef� cient algorithms to study the forward and
inverse dynamics of multibody systems. Several ef� cient dynamic
formulations have been developed where the computational effort
for generatingthe accelerationvectorof each generalizedcoordinate
varies linearly with the number of bodies N . This is referred to as
an order-N , .N /, formulation.

The � rst .N / dynamic formulation was based on a Newton–

Euler approach4 and was aimedat themultilinkequationsofmotion.
It involved a sequential or recursive forward pass along the links to
calculate the acceleration vector, followed by a backward pass that
accounted for the constraint forces between the links. Hollerbach5

proposed a recursive formulation; however, it was based on La-
grange’s equations of motion. His algorithm was .N / for the in-
verse dynamics but not for the forward dynamics. Rosenthal6 also
proposed an .N / algorithm, based on Kane’s equations of mo-
tion for a chain link topology, but he encounteredsome dif� culty in
implementing � exibility in the model. Banerjee7 proposes a signif-
icant advancement of Rosenthal’s recursive approach, overcoming
the original � exibility shortcomings of Rosenthal’s method in ad-
dition to further decomposition of the mass matrix using Kane’s
approach, leading to an improved .N / algorithm.

Keat8 has reportedan .N / recursivealgorithm,for the Newton–

Euler equations, based on a velocity transformation.The introduc-
tion of a spatial operator factorization,9;10 which utilizes an analogy
between multibody robot dynamics and linear � ltering and smooth-
ing theory, to ef� ciently invert the system’s mass matrix is another
approach to a recursive algorithm. On the other hand, a nonrecur-
sive formulationutilizing the range space method,11 which employs
element-by-element methods in use in � nite element procedures,
has also been considered, thus illustrating a variety in approaches
developed over the years.

The algorithmpresented in this paper uses a variable transforma-
tionapproachto factorizethe system’s massmatrix12 and is extended
for the case of variable length links. The resultingset of Lagrangian

Fig. 1 Schematic diagram of the space station-based N-body tethered
satellite system.

equations of motion are nonrecursive in nature, permitting parallel
computation as the governingequations for the individual body are
independent. Two different velocity transformations are used for
computing the mass matrix and its inverse.

The model considersa multisatellitesystem, connectedby tethers
forming a chain-type topology, in an arbitrary orbit around Earth,
as shown in Fig. 1. The system is free to undergo three-dimensional
librationalmotion, includingspin about an arbitraryaxis (cartwheel-
ing). Furthermore, the platform, tether, and subsatellite are capable
of three-dimensionalrigid-body motion in addition to longitudinal
and transverse elastic vibrations for the tether. The � exible mo-
tion is discretized using the assumed mode method13 where fore-
shortening effects due to geometric stiffness are included. Several
discretizationschemeshavebeenpresentedby other researchers,in-
cluding a lumped-mass or bead model,14 a hybrid bead/continuum
model,1 a � nite element approach,15 and others. As can be ex-
pected, each of these methods has its merit. Here a continuum
model is chosen for its simplicity and proven desirable perfor-
mance.

To improve the performance further, a symbolic manipulation
package (Maple V) was used to evaluate the modal integrals involv-
ing the admissible functions describing the � exible motion. This
allowed direct coding of the integrated functions, instead of their
numerical evaluationduring the simulation.The result was a signif-
icant reductionin computationaltime, especiallyduringdeployment
and retrieval.

Description of System
The derivation of the equations of motion begins with the def-

inition of the kinetic energy of an arbitrary link of the multibody
system. Let the i th link of the system be free to translate and to
rotate in three-dimensional space. From Fig. 2, the vector Rdm i to
the mass element dm i on the i th link, relative to the inertial frame
F0, can be written as

Rdm i D Di C Ti ri C f f
i .ri / (1)

where f f
i .ri / is the � exible deformation at ri . Note, in the present

model, tethers (i even) are considered � exible, whereas the sub-
satellite payloads (i odd) are taken to be rigid, i.e., f f

i .ri / ´ 0. As
mentioned earlier, the tether � exibility is discretized using the as-
sumed mode method as

f f
i .ri / D

ui

vi

wi

D 8i .xi /±i .t/ (2)

Fig. 2 Vector components of the ith and (i ¡ 1)th chain link.
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where 8i .xi / is the matrix of the tether mode shape functions. For
the j th longitudinalmode, the admissible function16 is taken as

8 j
u.xi / D .xi=li /

2 j ¡ 1 (3)

In the case of in-plane and out-of-plane transverse de� ections, the
admissible functions are

8 j
v.xi / D 8 j

w.xi / D
p

2 sin. j¼xi =li / (4)

where
p

2 is added as a normalizing factor. Thus

8i .xi ; li / D

81
xi

¢ ¢ ¢ 8
n xi
xi 0 0

0 81
yi

¢ ¢ ¢ 8
n yi
yi 0

0 0 81
zi

¢ ¢ ¢ 8
nzi
zi

2 <3 £ n fi

(5)

where n fi D nxi C n yi C nzi and nxi , n yi , and nzi are the number
of modes used in the longitudinal, in-plane, and out-of-plane trans-
verse directions, respectively. The time-varying modal coordinate
vector ±i in Eq. (2) is composed of the longitudinal and transverse

Mti D

m i Id3 Pi gi dm i Ti 8i dm i Ti si dm i

sym PT
i . gi /Pi . gi /dm i P T

i . gi /Ti 8i dm i PT
i . gi /Ti si dm i

sym sym 8T
i 8i dm i 8T

i si dm i

sym sym sym sT
i si dm i

2 <nq £ nq (14)

generalizedcoordinatesassociatedwith the correspondingmode of
vibration such that

±i D
±xi

± yi

±zi

2 <3 £ n fi (6)

The matrix Ti in Eq. (1) representsa rotation transformationfrom
the body-� xed frame Fi to the inertial frame F0 , i.e., F0 D Ti Fi . It
is de� ned by the 3-2-1 sequence of elementary rotations17 as

Ti D
C¯i C®i ¡C°i S®i C S°i S¯i S®i S°i S®i C C°i S¯i C®i

C¯i S®i C°i C®i C S°i S¯i S®i ¡S°i C®i C C°i S¯i S®i

¡S¯i S°i C¯i C°i C¯i

(7)

where ®i is the in-plane (pitch) angle, ¯i is the out-of-plane (roll)
angle, and °i is the spin (yaw) angle. The terms Cx and Sx are
abbreviations for cos.x/ and sin.x/, respectively.

Letting gi D ri C 8i ±i and differentiatingEq. (1) with respect to
time give

PRdm i D PDi C Pi . gi / Ṕ i C Ti 8i
P±i C Ti si

Pli (8)

where si D Oi C 8Di ±i , 8Di D [.@=@x i / C .@=@li /]8i , and li is the
length of the i th link. Finally, letting ´i D [®i ; ¯i ; °i ]T , then the
column matrix Pi . gi / can be de� ned as

Pi . gi / Ṕ i D PTi gi D T®i gi ; T¯i gi ; T°i gi Ṕ i (9)

where T®i D .@=@®i /Ti , T¯i D .@=@¯i /Ti , and T°i D .@=@° i /Ti .

Kinetic Energy
The kineticenergyof the i th linkcan now be obtainedfromEq. (8)

as

Kei D 1

2 m i

PRT
dm i

PRdm i dm i (10)

Setting Eq. (8) in a matrix form gives the relation

PRdm i D Id3 Pi . gi / Ti 8i Ti si Pqti (11)

where Id3 is the 3 £ 3 identity matrix and

Pqti D

PDsi

Ṕ i

P±i

Pli

2 <nq £ 1 (12)

Inserting Eq. (11) into Eq. (10) and integrating, the kinetic energy
for the i th link can be written as

Kei D 1
2
PqT

ti
Mti Pqti (13)

where

The kinetic energy for the entire system, i.e., N bodies, can now be
stated as

Ke D
1

2

N

i D 1

PqT
ti

Mti Pqti D
1

2
PqT

t Mt Pqt (15)

where qt D fqT
t1

; qT
t2

; : : : ; qT
tN

gT and Mt is a block diagonal matrix
with Mti on its diagonal.

Note that, for rigid links, this symmetric mass matrix is consid-
erably simpler and can be described in terms of the center of mass
and inertia tensor of each link. Also, the kinetic energy expression
in Eq. (15) has a quadratic form from which it can be easily manip-
ulated to obtain the � nal form of the equations of motion. Finally,
most integrals in Eq. (14) can be evaluated symbolically and hence
coded directly in Fortran.

Gravitational Potential Energy
The gravitationalpotentialenergyof the i th link,due to the central

force law, is given as

Vgi D ¡¹
m i

dm i

Rdm i

(16)

where ¹ D 3:986 £ 105 km3/s2 is Earth’s gravitational constant.
Using the binomial expansion and retaining terms up to third order
give

Vgi D
¡¹m i

Di

C ¹

2D3
i

gT
i gi dm i C 2DT

i Ti gi dm i

¡ 3

D2
i

DT
i Ti gi gT

i dm i TT
i Di (17)

which is in terms of symbolically evaluated integrals.
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Strain Energy
The tether strain–displacement relationship can be written as

"i D @ui

@xi

C 1

2

@vi

@xi

2

C @wi

@ xi

2

(18)

where ui , vi , and wi are obtained from Eq. (2) and "i > 0 because
compression is not supported by any tether. The second bracketed
term in Eq. (18) represents the geometric nonlinearity and is re-
sponsible for the foreshortening effects in the tether. It cannot be
neglectedbecauseof the relatively large amplitudemotionsencoun-
tered in the tether dynamics. The strain energy is given by

Vei D 1

2
Ei Ai

li

0

"2
i dxi (19)

where Ei Ai is the tether � exural stiffness.The total potentialenergy
of the system is

Pe D
N

n D 1

Vgi C Vei

Tether Dissipation
The dissipation of energy due to longitudinal elastic vibration of

the tether can be described by the Rayleigh dissipation function16

Wdi D 1
2

Ei Ai ´di

!i

li

0

.P"i /
2 (20)

where ´di and !i are the structural damping coef� cient and the
fundamental oscillation frequency of the i th tether, respectively.
The strain rate P"i is the time derivative of Eq. (18). The general-
ized external force due to damping can now be de� ned as Qd D
fQT

d1
; : : : ; QT

dN
gT , where

Qdi D ¡
@Wdi

@ Pqi
; i D 2; 4; : : : ; N ¡ 1

D 0; i D 1; 3; : : : ; N (21)

Lagrangian Equations of Motion
With the energy expressionsin hand, the equationsof motion can

be obtained quite readily using the Lagrangian principle

d

dt

@ Ke

@ Pq
¡ @.Ke ¡ Pe/

@q
D Q C Qd (22)

Substituting Eqs. (15), (17), (19), and (21) into Eq. (22) leads to
the familiar matrix form of the coupled equations of motion for the
system:

M .q/Rq C F.q; Pq/ D Q.q; Pq/ (23)

where M is the nonlinear symmetric mass matrix; F.q; Pq/ is the
forcing vector function given by

F.q; Pq; t/ D PM Pq ¡ 1

2
PqT @ M

@q
Pq C @qt

@q
@ Pe

@qt
¡ Qd (24)

The term Q.q; Pq/ is the vector of generalized external forces, in-
cluding control inputs, acting on the system.

Numerical solutionof Eq. (23) in terms of Rq requires the inversion
of the mass matrix. However, M is a full matrix of size nqq £ nqq,
where nqq D Nnq and is the total number of generalized coordi-
nates in the system;nq is the number of degreesof freedomfor each
body.Therefore, direct inversionof M would lead to a largenumber
of computationstepsof the ordernqq3 or higher.The objectivehere
is to develop an order-N , .N /, algorithm for obtaining M¡1 that
minimizes the computational effort. This is accomplished through
the following transformations.

Coordinate Transformations
When deriving the energy expressionsof the system, the focus is

on the decoupled system, i.e., each link is considered independent
of the others. Thus each link’s energy expression is also uncoupled

fromtheothers.However, the interconnectingconstraintforcesmust
be incorporated into the � nal equations.

Let

qi D

di

´i

±i

li

2 <nq £ 1 (25)

be the vector of coupled coordinates of the i th link such that q D
fqT

1 ; qT
2 ; : : : ; qT

N gT is the system’s generalized coordinates. Let qti
be the set of auxiliary decoupled coordinates such that qt D fqT

t1
;

qT
t2 ; : : : ; qT

tN
gT . The only difference between qti and qi is Di and

di . The term Di is the inertial position of Fi from F0, whereas
di D fdxi ; dyi ; dzi gT is de� ned as the offset position of Fi relative to
Fi ¡ 1.

Position Transformation
From Fig. 2,

Di D Di ¡ 1 C Ti ¡ 1fli ¡ 1
Oi C di g C Ti ¡ 18i ¡ 1 li ¡ 1 C dxi ±i ¡ 1

(26)

wheredxi is the xi componentofdi .De� ning K Ai ¡ 1 D 8i ¡ 1.li ¡ 1C
dxi /, Eq. (26) can be rewritten in summation form as

Di D
i

j D 1

.T j ¡ 1d j C T j ¡ 1 K A j ¡ 1± j ¡ 1 C T j ¡ 1
Oil j ¡ 1/ (27)

Introducingthe index substitutionk D j ¡1, Eq. (27) can be rewrit-
ten as

Di D
i ¡ 1

k D 1

.Tk ¡ 1dk C Tk K Ak ±k C Tk
Oilk / C Ti ¡ 1di (28)

because d1 D D1 , T0 D Id3 , and l0 , D0 , and ±0 are null vectors. Re-
casting Eq. (28) in matrix form leads to

qti D
i ¡ 1

k D 1

R p
k qk C Ri qi (29)

where

R p
k D

Tk ¡ 1 0 Tk K Ak Tk
Oi

0 0 0 0

0 0 0 0

0 0 0 0

2 <nq £ nq (30)

and

Ri D

Ti ¡ 1 0 0 0

0 Id3 0 0

0 0 Idn fi
0

0 0 0 1

2 <nq £ nq (31)

For the entire system,

qt D R pq (32)

where

R p D

R1 0 0 ¢ ¢ ¢ 0

R p
1 R2 0 ¢ ¢ ¢ 0

R p
1 R p

2 R3 ¢ ¢ ¢ 0
:::

:::
: : :

: : :
:::

R p
1 R p

2 ¢ ¢ ¢ R p
N ¡ 1 RN

2 <nqq £ nqq (33)

and R p is the lower triangular block matrix that relates qt and q.

Velocity Transformations
The two sets of velocity coordinates Pqti and Pqi are related by the

following two transformations.
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First Transformation
Differentiating Eq. (26) with respect to time gives the inertial

velocity of the i th link as

PDi D PDi ¡ 1 C Ti ¡ 1 Id3 C K ADi ¡ 1±i ¡ 1
Oi T Pdi C Pi ¡ 1.hi ¡ 1/ Ṕ i ¡ 1

C Ti ¡ 1 K Ai ¡ 1
P±i ¡ 1 C Ti ¡ 1f Oi C K AL i ¡ 1±i ¡ 1gPli ¡ 1 (34)

where K AD i D @=@d xi C 1 fK Ai g, K AL i D @=@li fK Ai g, and hi D
di C 1 C li

Oi C K Ai ±i .
Following a procedure similar to the one used during the position

transformationderivation, it can be shown that

Pqt D Rv Pq (35)

where Rv is given by the following lower triangular block matrix:

Rv D

Rd
1 0 0 ¢ ¢ ¢ 0

Rv
1 Rd

2 0 ¢ ¢ ¢ 0

Rv
1 Rv

2 Rd
3 ¢ ¢ ¢ 0

:::
:::

: : :
: : :

:::

Rv
1 Rv

2 ¢ ¢ ¢ Rv
N ¡ 1 Rd

N

2 <nqq £ nqq (36)

Here

Rv
i D

Ti ¡ 1 K Di ¡ 1 Pi .hi / Ti K Ai Ti K L i

0 0 0 0

0 0 0 0

0 0 0 0

2 <nq £ nq

(37)
and

Rd
i D

Ti ¡ 1 K D i ¡ 1 0 0 0

0 Id3 0 0

0 0 Idn f i
0

0 0 0 1

2 <nq £ nq (38)

where K Di ¡ 1 D Id3 C K ADi ¡ 1±i ¡ 1
OiT and K L i D Oi C K AL i ±i .

Second Transformation
The secondtransformationis simplyEq. (34) set intomatrix form.

This leads to the expression for Pqti as

Pqti D Rn
i ¡ 1 Pqti ¡ 1 C Rd

i Pqti (39)

where

Rn
i D

Id3 Pi .hi / Ti K Ai Ti K L i

0 0 0 0

0 0 0 0

0 0 0 0

2 <nq £ nq (40)

Thus, for the entire system,

Pqt D Rn Pqt C Rd Pq; Pqt D Idnqq ¡ Rn ¡1
Rd Pq (41)

where

Rn D

0 0 0 ¢ ¢ ¢ 0

Rn
1 0 0 ¢ ¢ ¢ 0

0 Rn
2 0 ¢ ¢ ¢ 0

:::
:::

: : :
: : :

:::

0 0 ¢ ¢ ¢ Rn
N ¡ 1 0

2 <nqq £ nqq (42)

and

Rd D

Rd
1 0 0 ¢ ¢ ¢ 0

0 Rd
2 0 ¢ ¢ ¢ 0

0 0 Rd
3 ¢ ¢ ¢ 0

:::
:::

:::
: : :

:::

0 0 0 ¢ ¢ ¢ Rd
N

2 <nqq £ nqq (43)

Equations of Motion
Returning to the expression for kinetic energy, after substituting

Eq. (35) into Eq. (15) we get the � rst of two expressions for kinetic
energy as

Ke D 1
2

PqT RvT
Mt Rv Pq (44)

Substituting Eq. (41) into Eq. (15), we have the second expression
as

Ke D 1
2
PqT Idnqq ¡ Rn ¡1

Rd T
Mt Idnqq ¡ Rn ¡1

Rd Pq (45)

Therefore we get two factorizations for the system’s coupled mass
matrix given as

M D RvT
Mt R

v (46)

D Idnqq ¡ Rn ¡1
Rd T

Mt Idnqq ¡ Rn ¡1
Rd (47)

Inverting Eq. (47), we get

M¡1 D .Rd/
¡1

Idnqq ¡ Rn M¡1
t .Rd /

¡1
Idnqq ¡ Rn T

(48)

Since both Rd and Mt are block diagonal matrices, their inverse is
simply the inverse of each block on the diagonal. Also, each block
is nq £ nq and is independentof the number of bodies in the whole
system; thus the inversion of M is an .N / operation.

The equations of motion are derived with a time-dependent off-
set of the tether attachment point di , which is treated as a gen-
eralized coordinate. However, one may constrain it to a � xed or
time-speci� ed value. This is achieved through the introduction of
Lagrangian multipliers. One begins by assigning the multipliers to
all of the d equations. Thus, letting f D F ¡ Q gives

M Rq C f D P c K (49)

where 3 2 <3N £ 1 is the vector of Lagrangian multipliers and P c

is the permutation matrix assigning the appropriate 3i to its corre-
spondingdi equation. Inverting M and premultiplyingboth sides by
P c T gives

P cT .Rq C M¡1f / D [P cT M¡1 Pc]K

Rdc C P cT M¡1f D [P c T M¡1 P c]K
(50)

where Rdc is the desired offset acceleration vector. Note that both Rdc

and P cT M¡1f are known. Thus, the solution for K has the form

K D [P cT M¡1 P c]¡1 Rdc C P cT M¡1f (51)

Now, substituting Eq. (51) into Eq. (49) and rearranging the terms
gives

Rq D . f ; M j Rdc/

D ¡M¡1f C M¡1 P c[P cT M¡1 P c]¡1 Rdc C P cT M¡1f (52)

which is the new constrained vector equation of motion with an
offset speci� ed by Rdc . It is interesting to note that, by explicitlysub-
stituting the constraint (dependent) equations into the independent
ones, the need for constraint stabilization, introduced in Ref. (3), is
circumvented.

Results and Discussion
The equations of motion were coded in Fortran and numerically

integrated for a wide range of system parameters and initial condi-
tions to illustrate their versatility. The modal integrals presented in
Eqs. (19) and (20) are explicitly evaluated off line using a symbolic
integration package, further improving overall computational per-
formance. For brevity, only a few typical cases are reported to help
establish trends.

Two system con� gurations are considered: the space station
platform-based tethered satellite system (STSS) and the proposed
BICEPS (bistatic Canadian experiment on plasmas in space) con-
� guration. Both represent three-body systems, i.e., two end bodies
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with an interconnecting tether. However, they exhibit signi� cantly
different responses because of the difference in their system con-
� guration. The spin (cartwheeling) motion about the orbit normal
during the BICEPS mission (Fig. 3) is unique to the tetheredsatellite
systems.

Space Station-Based Tethered Satellite System
The numerical values used in the analysis of the STSS are as

follows.
Platform inertia:

I1 D
1,091,430 ¡8135 328,108

¡8135 8,646,050 27,116

328,108 27,116 8,286,760

kg ¢ m2

Subsatellite inertia:

I2 D
200 0 0

0 400 0

0 0 400

kg ¢ m2

Platform mass: m1 D 90,000 kg
Subsatellite mass: m2 D 500 kg
Tether � exural rigidity: Et At D 61,645 N
Tether linear density: ½t D 4.9 kg/km
Tether structural damping coef� cient: ´d D 0:5%

The pitch and roll angles of each link, as well as the tether de� ec-
tions, are de� ned in Fig. 4.

The system is taken to be in a circular orbit, 289 km in altitude,
with anorbitalperiodof 90.3min.Only the � rstmodeof longitudinal

Fig. 3 Mission pro� le for the BICEPS satellite system: After separa-
tion, the subsatellite’s spin direction is perpendicular to the orbit plane,
point1; internal damperschange toa � at spin,point2; and adeployment
maneuver utilizes angular momentum in the system, point 3.

Fig. 4 Schematic diagram of the generalized coordinates used to de-
scribe the system dynamics.

a) Attitude response

b) Vibration response

Fig. 5 Station-keeping dynamics of the three-body STSS with offset
along the local horizontal, local vertical, and orbit normal directions.
STSS con� guration: three body; ®1(0) = ®2(0) = ®t(0) = 2 deg, ¯1(0) =
¯2(0) = ¯t(0) = 1 deg, ±x(0) = 14 m, ±y(0) = ±z(0) = 1 m, and dx(0) = dy(0)
= dz(0) = 1 m. Station keeping: lt = 20 km.

and transversevibrations is consideredin the discretizationbecause
it containsmost of theelasticenergyand thusdominatesthe response
of the � exible degrees of freedom. The attachment point of the
tether is represented by the offset position d2 D fdx ; dy; dzgT at
the platform end and � xed at an arbitrary point at the subsatellite
end.

Figure 5 presents the response of the STSS con� guration with a
� xed tether attachment point offset of 1 m in the local vertical x ,
local horizontal y, and orbit normal z directions. The tether length
is held constant (station keeping) at 20 km. The platform, tether,
and subsatellite are subjected to initial disturbancesof 2 and 1 deg
in the pitch and roll directions, respectively, as well as an initial
longitudinal tether de� ection of 14 m at the subsatellite end and an
in-plane and out-of-planede� ection of 1 m at midlength. It is clear
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that the pitch and roll motion of the space station is affected by the
motion of the tether. This is due to the nonzerooffset positionof the
tether attachment point, which provides a lever arm through which
the tether tension produces a suf� ciently strong moment to swing
the station to over ¡70 deg in the pitch and C70 deg in the roll, re-
sulting in a new platform equilibrium angle at §30 deg. Similarly,
the nonzero attachment point of the tether to the rigid end body
causes satellite 2 to be completely dominated by the tether due to
its smaller inertia. The longitudinal vibration, as expected, is com-
posed of a high-frequency elastic component, which is attenuated
due to internal damping, and a low-frequency contribution arising
from coupling with the tether’s in-plane libration. Note that only
second-order damping is present in the transverse mode, resulting
in very little attenuation. In fact, without any active or passive con-
trol scheme, the transverse mode may take an extremely long time
(around two years) to completely vanish through structural damp-
ing. The tether libration motion is unaffected by the platform and
subsatellite dynamics.

Next, the effect of tether deployment from 200 m to 20 km is
considered. Initially there is no pitch or roll motion present, and
there is an offset of 1 m along the local vertical. As shown in Fig. 6,
the tether exhibits a large pitch displacement in the initial phases of
deployment. This is due to the Coriolis force acting on the tether,
which also affects the in-plane transverse vibration. Through cou-
pling, the pitch motions of the rigid satellites follow the same trend
as the tether. On the other hand, the roll motion of the tether is
not affected by the Coriolis force, which only acts in the in-plane
direction. There is a small excitation produced in the out-of-plane
attitude and vibratory motion of the tether arising from the increase
in roll for the platform at the terminal stages of deployment. From
the time history of the longitudinalelastic deformation in the tether,
it is apparent that the tether initially approaches the zero de� ec-
tion mark ±x corresponding to zero tension. Care must be exercised
when choosing the deployment rate, especially at a shorter length,
to maintain a positive tension at all times and, consequently,not to
render the tether slack. However, as the tether elongates, its longi-
tudinal static equilibrium also increases due to the increase in the
gravity-gradient tether tension. In the case of retrieval (not shown
here), the system becomes unstable if left uncontrolled. This sug-
gests a need for a control strategy to regulate the system response
to an acceptable value.

The deploymentof both tethers in the double-pendulumcon� gu-
ration is presented in Fig. 7 for the case of the tether length varying
from 200 m to 20 km. The pitch motion of the system is similar
to that of the three-body case. The Coriolis effect forces the tether
through a pitch motion of 50 deg, which in turn disturbs the rigid
bodies’ pitch motion due to the nonzero offset. On the other hand,
the roll motion of both tethers is damped out to zero, from conserva-
tion of angularmomentum, as the tether deploys,whereas that of the
platform increases to about 20 deg. The end satellite is unaffected
by the other links becausethe tether is attached to its center of mass,
thus eliminating coupling. The � exible motion is similar to that of
the three-body case.

BICEPS and OEDIPUS Con� gurations
To emphasize the relatively general character of the formulation

and its potential to model a wide range of con� gurations, the case
of deployment and cartwheelingof the BICEPS con� guration is in-
vestigated.The numerical values used in the analysis are as follows.

Subsatellite inertias:

I1 D I2 D
5:9 0 0

0 36:6 0

0 0 39:2

kg ¢ m2

Subsatellite masses: m1 D m2 D 200 kg
Tether � exural rigidity: Et At D 61,645 N
Tether linear density: ½t D 3.0 kg/km
Tether length: lt D 1 km
Tether structural damping: ´t D 0:5%

a) Attitude response

b) Vibration response

Fig. 6 Deployment dynamics of the three-body STSS with offset along
the local vertical direction. STSS con� guration: three body; ®1(0) =
®2(0) = ®t(0) = 0, ¯1(0) = ¯2(0) = ¯t(0) = 0, ±x(0) = 1.304 £ 10¡ 3 m,
±y(0) = ±z(0) = 0, and dx(0) = 1 m, dy(0) = dz(0) = 0. Deployment: lt =
0.2–20 km in 3.5 orbit.

Cartwheeling or spin about the orbit normal can be employed to
assist deployment of the tether by utilizing the angular momentum
and centrifugal acceleration of the system. The initial cartwheel-
ing rate of the system is taken to be 5 deg/s. As can be expected,
as the length of the tether increases, conservation of angular mo-
mentum dictates that P® must decrease proportionally to the square
of the change in the tether length, as shown by the tether pitch
time history in Fig. 8. Consequently, the system eventually stops
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a) Attitude response: ——, pitch and - - - -, roll

b) Vibration response

Fig. 7 Deployment dynamics of the � ve-body STSS with offset along
the local vertical direction. STSS con� guration:� ve body;®1(0) = ®2(0)
= ®t1(0) = 2 deg, ®3(0) = ®t2(0) = 2.5 deg, ¯1(0) = ¯2(0) = ¯3(0) = ¯t1(0)
= ¯t2(0) = 1 deg, ±2(0) = ±4(0) = f 1:304 £ 10¡ 3; 0; 0 g m, and d2(0) =
d4(0) = f 1; 0; 0 g m. Deployment: lt1 = lt2 = 0.2–20 km in 3.5 orbits.

rotating and simply oscillates about its new equilibrium position.
However, caution must be exercised when cartwheeling the system
to maintain the tether tension low, thus preventingelastic recoil once
the rotation has stopped, which would otherwise render the tether
slack.

A mission pro� le similar to BICEPS is the mission entitled Ob-
servation of Electri� ed Distributions of Ionospheric Plasmas—A
Unique Strategy or OEDIPUS. What makes this mission unique is

a) Attitude response

b) Vibration response

Fig. 8 Cartwheeling dynamics with deployment for the three-body
BICEPS con� guration with offset along the local vertical direction.
BICEPS con� guration: three body;®1(0) = ®2(0) = ®t(0) = 2 deg, Ç®1(0)
= Ç®2(0) = Ç®t(0) = 5 deg/s, ¯1(0) = ¯2(0) = ¯t(0) = 1 deg, ±x(0) = 1.15 £
10¡ 3 m, ±y(0) = ±z(0) = 0,and dx(0)= 0.78m, dy(0) = dz(0)= 0. Cartwheel-
ing deployment: lt = 10 m to 1 km in 1 orbit.

that it spins about its nominal tether length. The response of the
system undergoing a spin rate of P° D 10 deg/s is presented in
Fig. 9 using the same parameters as those for the BICEPS con-
� guration. Again, there is strong coupling between all three links
due to the nonzero offset position. The spin motion has the ef-
fect of introducing additional frequency components in the tether’s
vibratory motion, which disturbs the librational motion of the
subsatellites.
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a) Attitude response

b) Vertical direction

Fig. 9 Spin dynamics ( Ç° = 10 deg/s) of the three-body OEDIPUS con-
� guration with offset along the local vertical direction. OEDIPUS con-
� guration: three body; ®1(0) = ®2(0) = ®t(0) = 2 deg, Ç°1(0) = Ç°2(0) =
Ç°t(0) = 10 deg/s, ¯1(0) = ¯2(0) = ¯t (0) = 1 deg, ±x(0) = 1.2 £ 10¡ 3 m, ±y(0)
= ±z(0) = 0.1 m, and dx(0) = 0.78 m, dy(0) = dz(0) = 0. Station keeping: lt
= 1 km.

Concluding Remarks
An order-N Lagrangian algorithmfor the equations of motion of

a � exible multibody tethered system is developed. The model con-
sidered is a multisatellite � exible tethered system forming a chain
geometry, capable of deployment and retrieval. The tether attach-
ment point to the end satellite is kept arbitrary and time varying.
Furthermore, the model is capable of spin about an arbitrary axis,
as in the case of the BICEPS mission, which cartwheels about the
orbit normal, or its predecessorOEDIPUS-A/C, which spins about
the nominal tether length. The tether � exibility is discretized using
the assumed mode method.

The equations of motion are coded in Fortran with the modal
integrals evaluated symbolically to improve the simulation perfor-
mance.Two systemcon� gurationsare considered:the spacestation-
based tethered system and the BICEPS/OEDIPUS con� guration.
Both exhibit signi� cantly different responses due to differences in
their system properties and mission pro� les. The general character
of the formulation makes it applicable to a large class of systems of
contemporary interest and can readily accommodate a wide variety
of con� gurations as well as operational pro� les.

Resultsof theparametricstudyclearlyshow theeffectof the tether
attachment point offset as well as coupling between the various
degrees of freedom. They also bring to light the need for active
control due to potentiallyundesirableattitude motion under critical
combinationsof systemparametersand initial conditions.Similarly,
the need for vibration control for the tether is also demonstrated.
A vibration controller based on the tether’s offset position and a
nonlinear feedback controller for the system’s attitude motion have
been developed and will be the topic of discussion in the future.
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